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COVARIANTS OF BINARY MODULAR GROUPS 

By Oliver Edmunds Glenn 

Defartment of Mathematics, University of Pennsylvania 

Communicated by E. H. Moore, January 30, 1919 

To transform the general case of a binary quantic 

Im = (ffo, fli, . . . , a m \x', Xi) m , 

by substituting for its variables 

Xi = Xitfi' + nix?', x% = X 2 #i' + M2^'> 

where the coefficients of the transformation are least positive residues of a 
prime number p, is to generate an infinitude of binary forms associated with 
f m , which are invariants of the linear modular group G of order (/> 2 — p) 
X {p 2 — 1), on the variables X\, x%. 

Much difficulty has been encountered by those who have investigated these 
invariants, both as to methods of generating complete systems and as to proofs 
of their finiteness. This paper is in the form of a summary of the present 
writer's research on this problem. It contains an outline of a method of con- 
struction of the formal modular covariants which has a measure of generality, 
— and which has proved to be definitive, — at least for particular moduli. 
Secondly we give, in explicit form, the finite modular systems of the cubic 
(mod 2) and of the quadratic (mod 3). Phases of the formal modular 
theory not mentioned in this paper are treated in articles by the present 
writer, referred to at the end of this paper, and in Dickson's Madison Col- 
loquium lectures. 

/. Modular convolution. — If S(ao, «i, • • .) is any modular seminvariant 
of f m which satisfies a certain pair of conditions, 50 and a</, fli', . . . are the 
coefficients of the transformed of f m by means of 

X\ = Xi + tXi, Xi = x 2 '; (t any residue mod p), 

then, S' being the conjugate to S under the substitution (ao<h) (oi), 

S*(oo', a,', . . .) m S(a Q , . . .)f* -1 + S/~ 2 + . . + S P ^ (mod p), (1) 

written with homogeneous variables x\, x%, instead of t, is a formal covariant 
modulo p. When this principle is applied in the case of the seminvariant 
leading coefficient of the covariant K v : 

K v = CoXi" + CW -1 #2 + . . + CpXi", 

where v is a number of the form 

„= ( s p- v ')(p- i) = „(p- 1), 
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there results a covariant 6 

p-2 <r-l 

[K v ] = [Co + (JQ ] xi*- ' + 22 C »s tt-D-r «t'"~ V, (2) 

where (JT,,) is the pure invariant 

(JQ = Cj_i + C 2 (p~d + . . . + C (<r _i)( # _i). (3) 

Now if we form the product of any two binary forms, as of f m and 
g„ = (J ,*i, • ., K\xl, Xi) n (m ^ »), 

where w + n is a number of 'the form a (p — 1), and construct the formulas 
analogous to (2), (3) for the result, we get 

(/«lfJ = /, ^.C'ihi.p-D-h 

ft-2 tr-1 < 

r=0 J=0 2=0 

This process of constructing the concomitants (J m g n ), [/»g„] from the product 
fm-Sn is analogous to transvection and symbolical convolution in the theory of 
algebraic concomitants. 

An example of the covariant (1) is obtained from the following seminvari- 
ant 3 of a quadratic form/ 2 : 

5 = a*~ aj. — a\ . 

This seminvariant satisfies the two necessary and sufficient conditions that it 
may be the leading coefficient of a covariant, viz., of 6o 

Ci = (oo^i + ai%i)* — (a<jXi + ai3fe)(ao*i 2 + 2a x XiXi + a^x^)*^, (4) 

where powers of x x , x 2 are to be reduced by Fermat's theorem. 

2. Concomitant scales. — If K is any modular covariant of order (rp — v) 
X (p — 1) = m, then by application, to K, of the latter of the two modular 
invariantive operators 5b 

E-oo*— + **—+.. + <& — , 

dao 5ai 8a m 

p S P 8 

5xi 5#2 

there is obtained a set or scale oin = p + v-{-2 concomitants 

(JC), c/ [K\ (X = 0, 1, . . , p - 1), cJK (t = 0, 1, . . . , *). (5) 

This set, which we call a Li-adic scale 6 for 2£, is analogous to the set obtain- 
able by convolution from a symbolical algebraic covariant 

TL(ab)a*blc r x . 
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A scale of modular concomitants is said to be complete when it contains all 
invariants and covariants of the first degree in the coefficients of K which can 
be obtained from K by empirical or modular invariantive processes, i.e. a 
ix-adic scale is complete when it constitutes a fundamental system of first 
degree concomitants of K. Thus we find that we are able to construct a com- 
plete modular system of a form f m by a process of passing from a complete 
scale for f m of the first degree to scales derived from covariants of f m of 
degree > 1. 

3. A complete system of the quadratic, modulo 3. — I have proved that the 
following eighteen quantics constitute a complete formal system modulo 3 of 
/ 2 ; the proof resting primarily upon the fact that, when p = 3, every co vari- 
ant is of even order, and hence the y.-adic scale (5) is complete: 

/., C h \m, [/ 2 G], [/ 2 2 G], Ef,, (6) 

C0/ 2 , CoCl, &>[/ 2 2 ], wE/2, w 2 / 2 , w 2 Ci, 
L, Q, C/2 2 ), ([/2 2 ] 2 ), (GE/ 2 ), r; 

where 3 T = (a + 02) (2«o + 2ai + a?) (2a + ffi + 02), and L, Q are the func- 
tions to which the universal covariants of the group Gy>-py(j»-.i) reduce 
when p = 3. These covariants are 3 

X = #/% — Xioc/, Q — (x/'xi — X\X^)/L. 

The last four quantics in the system (6) are pure invariants and constitute a 
complete system of invariants of f 2 modulo 3. This set of invariants was first 
derived by Dickson. The orders of the forms (6) range from to 6 and the 
degrees from to 6. 

4. A complete system of the cubic, modulo 2. — When p = 2 the fi concomi- 
tants (5) do not form a complete scale. Every form of order > 3 is reducible 6o 
modulo 2 in terms of invariants of the first degree in its coefficients and of its 
covariants of orders 1, 2 and 3. If K v is the covariant shown in §1 we have 
(P = 2), 

(K,) = d + . . + C,-i, 

[K v ] = [Co.+ (K v )] Xl + [(£,) + CM- 

These, and the additional covariant 

{ K v } — C0X1 2 + {K v )xi%2 + C„x 2 2 , 

exist for all orders v. When v is odd there exists also a cubic covariant 60 

{ K v } = CoXi s + IiXi 2 X2 + Iz%\x£ + C„X2 Z , 

where h, J 2 are definite linear expressions in G, . . . , C„_i such that 6d 

h+h = (JT„)(mod2). 
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These concomitants, and their polars by w = x-? \- x£ — , form a complete 

5#i 8x2 

scale for K v . 

A fundamental system of formal covariants of / 3 modulo 2 consists of the 

following twenty quantics; 6d where we abbreviate by H the algebraic hessian 

of/ 3 , and 

t = H+(f l ){f t },l = Q[H]+f,(f,) t 

and in which L, Q are the universal covariants of the group G$: 

f*,s, [/.], {M,Eh mi {u}, {pt}, ua 

[Ef s .t], {fit}, {tEf*}AQl],L,Q, 

(/a), (S), (tf s ), (tEf s ), I. 

The invariant /, which is not represented as belonging to any scale, is 

I = ff 2 + a a az + a s 2 + (do + a s ) (/ 3 ). 

The orders of the forms in this system range from to 3, and their degrees 
from to 4. 

The proofs of the existence of {k v } and of [K„] involve certain remark- 
able congruential properties of the binomial coefficients. 6 

Reduction methods rest largely upon the fact that two modular covariants 
of the same order and led by the same seminvariant, while not identical as 
a rule, are necessarily congruent to each other moduli L{= x^Xz—xiXz), 
and p. Thus a covariant is not uniquely determined by its seminvariant 
leading coefficient as is the case with algebraic covariants. Another note- 
worthy general fact is that of the existence of covariants whose leading 
coefficients are modular invariants. 
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